Two variational closure models are proposed in order to describe stress distribution and arch formation in sandpiles located on a rigid base. The maximum strength and the maximum entropy closures are shown to yield the normal stress minimum below the pile apex. Stress distributions in sandpiles are determined numerically. The force uctuations in a model regular granular assembly are studied by Monte Carlo simulation method. A dependence of the level of the uctuations vs. the macroscopic stress state is determined.
Introduction
One of the most intriguing and controversial phenomenon in the statics of granular media is the frequently observed vertical stress minimum just below a sandpile apex. Although this problem was investigated quite extensively in the past and also recently (see, e.g., Refs. [1 -10] ) it remains generally unresolved.
It is of interest to suggest and to analyze the continuum mechanics models which can provide such a counterintuitive stress behavior. The authors of Refs. [ 3 -6] postulated that vertical stresses in a granular material propagate down along ÿxed lines forming arch-like structures. Closure of the equation of sandpile equilibrium is achieved by adopting a constitutive relation whereby the direction of the principal axes of a stress tensor remains constant during pile formation. This direction is determined by an equilibrium condition at the free surface of a sandpile. This hypothesis is based on assumption that the sandpile is formed by dropping grain after grain from a point source on a rigid surface. Thus, no external disturbances and no particle rearrangements are allowed to occur inside an element of granular material after the moment of its formation. Thus, it is assumed that the only factor that a ects a stress distribution in a sandpile is a history of pile formation. Notably, these models yield a high value of a pressure dip below the pile apex (about 30%) while the recent experiments show that the appearance and a magnitude of the dip depends on a type of a granular material [8] .
In the present study we explore another possibility whereby external driving forces play an essential role. It is known that there is no chaotic thermal motion in a granular packing. Thus, only external disturbances can allow a granular system to sample all possible conÿgurations in a phase space. Notably, it is known that even a small perturbation can induce extensive rearrangements in granular media as it was observed in experiments [11, 12] . Therefore it is conceivable that stress distribution in piles is governed by some form of a variational principle similar to that in the equilibrium statistical mechanics.
Recently variational models were applied to describe sandpile evolution (see Refs. [13, 14] ). In these studies we demonstrated that under quite general conditions a variational principle imply the equation for a shape of a sandpile which is built on an arbitrary rigid support due to external distributed or a point source of granular material. The main goal of this study is to suggest two variational models of sandpiles which imply the occurrence of the vertical stress minimum below the sandpile apex and to present the results of numerical analysis of these models. These models employ the maximum load carrying capacity and the maximum entropy closures for continuum mechanics equation of sandpile equilibrium.
Another question related with the developed approach is the force uctuations in granular assemblies. An original stochastic scalar model of weight redistribution in granular piling was proposed by Liu et al. [12] . Recently this model was modiÿed to account for the vector nature of the intergranular forces [10] . In the present study we consider the dependence of the microscopic force uctuations in a model regular granular packing vs. the macroscopic stress applied to the system. It is demonstrated that the set of mechanically acceptable force distributions is a convex polyhedron in a phase space of intergranular contact forces. An e cient stochastic algorithm is proposed to sample possible equiprobable states in the phase space.
Variational models of a pile and numerical simulations
We consider a two-dimensional "pile" (Fig. 1 ) consisting of n×(2n+1) rectangular granular blocks with a constant density ; where = tan( ) and the angle can be interpreted as the angle of inclination of the free surface of the sandpile. The stress tensor at the center of a block with integer coordinates (i; j) is = ( zz = p + 1 ; xz = zx = 2 ; xx = p − 1 ) ; where p is the mean pressure and i are components of the deviatoric part of the stress tensor. Interpolating the stress tensor between the centers of the blocks
we arrive at the following equations of equilibrium of the block (i; j):
where g is the acceleration of gravity. Indeed, formula (1) is the approximation with the accuracy O( 1 n ) for the di erential equation of sandpile equilibrium
The Coulomb yield criterion reads
where = tan −1 (Ä) is an angle of internal friction of the granular material and Ä is the friction coe cient. The angle of inclination of the free surface of the sandpile does not exceed the angle of internal friction, i.e., 6 . Equation (2) implies also that there are no tensile stress in the granular body, i.e., p + 2 1 + 2 2 cos 2 ¿0 along each line inclined at an arbitrary angle with respect to the principal axis of the stress tensor.
Since all stresses at the free surface of the sandpile vanish, zero stresses are set for each block at the free surface:
At the rigid base of the sandpile the normal and tangential stresses satisfy the condition 6tan( ) n : Thus, for the blocks at the bottom the Coulomb yield criterion reads
The well-known problem arising in modeling granular media is that the system of equations (1) - (2) is not closed. In the models we use to describe the stress state of the sandpile the above expressions are considered as the constraints in the optimization problem, i.e., we introduce an objective functional of the stress ÿeld H ( ) that attains a maximum subjected to the constraints (1) and (2) . In the present study the maximum load-carrying capacity and the entropy-like functional are used as an objective functional.
Consider a vertical force P applied to the top block of the sandpile. When P increases quasistatically the stress ÿeld inside the sandpile changes due to a rearrangement of granular packing at the microscopic level. We assume that stress changes in such a manner which provides the sandpile the best chance to survive during a loading process. Thus we arrive at the following maximization problem: (1) and (2)) max ;
i.e., P max is the maximum load that the pile can sustain. The constrained maximization problem was solved by the method of augmented Lagrangian (see, e.g. [Refs: 15; 18] ), whereby at each iteration an unconstrained optimization problem is solved using a simple point relaxation method (see Appendix A). The detailed description of the numerical algorithm for solving optimization problem with nonsmooth constraints of type (2) can be found in our previous study [14] . Since Eqs. (1) contains variables with odd or even values of the index i + j only the dashed blocks (see Fig. 1 ) were used in the computations.
The values of P max obtained from the computations were extremely small in comparison with the pile weight (P max =( g Ln ) −→ n→∞ 0): The latter is in the agreement with the well-known fact that granular material cannot sustain a point load. However, the stress ÿeld induced by applying such a small force is of a greater physical interest.
In Fig. 2 we showed the dimensionless normal stress below the piles with di erent angles of inclination of the free surface ( = ): When = 33
• the normal stress has a maximum just below the pile apex, but when is gradually decreased the more pronounced minimum appears, i.e., arches are formed inside the pile in order to achieve the maximum strength. The fact that arch-like structures can sustain high loads is known for thousands of years. Thus the arching phenomenon can be explained as a result of the hardening processes inside a granular body whereby imsy granular elements are destroyed during a loading process and more strong structures are formed instead.
Note that the obtained stress distribution below the at sandpile (with an inclination angle less than some critical angle * ≈ 27 • ) is similar to the "echo" experiment proposed by Bouchaud et al. in Ref. [4] , whereby the vertical stress in a granular layer propagates along a "light cone" from a point source at the top to the bottom. In the stochastic simulations performed by Eloy et al. [10] the maximum amplitude of response to a localized force propagates along the lines inclined with respect to horizontal.
In the next numerical experiment no external load was applied to the sandpile. Instead an entropy-like objective function was employed. The arguments we used in order to construct the functional H ( ) are as follows. The constitutive relations have a local character, i.e.,
where S( ) is an arbitrary function. Since S( ) must be invariant with respect to the coordinate transformations it can be only a function of the invariants of the stress tensor :
S(p; 1 ; 2 ) = S(p; Since the particles are hard (no characteristic stress) function S can depend only upon the ratio of the stress intensity and the mean pressure, i.e.,
The latter argument must be discussed in more details. Consider a two-dimensional granular assemble with a stress ÿeld (we will refer to it as a macroscopic state). The characteristic spatial scale of a stress ÿeld is assumed to be much larger than a grain size. At each contact point between the individual grains there are two forces f n and f (see Fig. 3 ):
where = tan( ) is a microscopic coe cient of friction and is an angle of intergranular friction. Since the above formula has the form of inequality, the assemble is statically undetermined at the microscopic level, i.e., there exist a large number of microscopic states (arrangements of the individual grains) which correspond to a given macroscopic state . Consider what happens when the ratio Á = 2 1 + 2 2 =p sin approaches unity. Then more and more contact points will reach the critical state, i.e., formula (3) will become an equality. Thus the shear forces reduce the degree of indeterminancy of the system. The latter argument can be interpreted as follows. For a given stress ÿeld the number of admissible microscopic states is a decreasing function of Á: It is conceivably suggest that the stress ÿeld in the sandpile provides the maximum value for the conÿguration entropy (see, e.g., [16] ) S ∝ ln( ) subjected to the constraints (1) - (2) . The latter assumption implies that during its construction a sandpile is allowed to sample various microscopic states. This sampling process can be described as follows. When a granular packing is subjected to an external forcing (vibrations of the support, thermal expansion of the grains due to temperature variations or kinetic energy of grains falling from a source with a su ciently large intensity, etc.) the large force uctuations occur inside the granular material. It is clear that contact points with Á close to unity have less opportunity to survive during the stress rearrangement. Thus formation of a stress ÿeld with small values of Á is more probable than with Á ≈ 1: Therefore the following optimization problem has to be solved in order to determine a stress ÿeld in a pile all points
S(Á) −−−−−−−−−−−−→
( satisÿes (1) and (2)) max ;
where S is a decreasing function of Á:
In the next section we present the results of statistical simulations of force uctuations in a regular monodisperse granular assembly which support the above model. The intensity of shear stress is found to reduce the level of static indeterminacy of the system. The critical macroscopic stress state corresponds to zero microscopic stress uctuations.
Recently the similar maximum entropy model was applied to the human grasping problem which is also statically undetermined [17] . It was demonstrated that the ÿnger forces applied to a grasped object tend to maximize an information entropy functional.
We have no information about the concrete form of the entropy S. Several approximations for entropy were used in the simulations (power law, logarithmic, exponential etc.) and it was found that for S = −(Á) ! where ! varies in the range from 3 to 9, the normal stess has a dip beneath the sandpile apex (see Figs. 4-6) . Notably, calculations showed that the stresses distribution is insensitive to variations of the exponent !: Fig. 7 demonstrates the distribution of Á at the sandpile base. The stress tensor has a large deviatoric part near the edges while at the center of the pile the granular material is far from a critical state. Thus there are arch-like zones along the free surface of the pile at which the shear forces are fully mobilized.
Force uctuations in a dense regular granular assemble
In the present section we introduce a stochastic model of force redistribution in a dense regular two-dimensional monodisperse static granular packing. Let N twodimensional grains with radii 1 be arranged in triangular compact fashion (see Fig. 8 ) where each grain is in contact with six neighbors. Thus there are ( of contact and 6N normal and tangential forces. The equations of force and moment balance of a grain read (n 1 − n 4 ) + (n 2 − n 5 − n 3 + n 6 ) cos 60
• − (t 2 − t 5 + t 3 − t 6 ) sin 60
(n 2 − n 5 + n 3 − n 6 ) sin 60
At each contact point the Coulomb law reads
The granular assemble is loaded by an external stress. The tensor of the macroscopic stress applied to the system is given by the folllowing relations: zz = 3(n 2 + n 5 + n 3 + n 6 ) 8 +
where brackets · denote an ensemble average over all the particles. The symmetry of the stress tensor follows from the equation of microscopic moment balance (for details see Appendix B). Periodic boundary conditions are assumed at the lateral contact points.
The following mean stress is applied to the system:
i.e., the principal axis of the stress tensor is inclined at the constant (45 • ) angle with respect to the x-and z-axis and the mean pressure p = 1. The microscopic coe cient of friction and the intensity of shear stress are the only control parameters in the model. In our computations varies from 0 (hydrostatic pressure) to tan(30 • ) (critical shear), so that the macroscopic angle of internal friction is given by sin( ) = tan(30 • ) and Á = = tan(30 • ). Consider the set of mechanically acceptable states of the system in the space of parameters x = {x 1 ; x 2 ; : : : ; x 6N } = {n i ; t i }. Denote the hyperplane of solutions satisfying the Eqs. (4) and (7) for a given Á as R(Á). The inequalities (5) form in R the bounded convex polyhedron G(Á; ) of feasible solutions similar to the linear programming problem [18] . Each side of the polyhedron G corresponds to the case when one of the contacts is in a critical state, i.e., the Coulomb law in this point becomes an equality.
The computational algorithm which allows the granular system to explore the points in the phase space is presented schematically in Fig. 9 (see Appendix B) . The initial state of the system is selected at a side of G and is updated at each step by moving in a random direction up to the next side of G. Thus, according to these simulation rules, the "molecule" x is in a "thermal equilibrium" with walls of the "container" G. Therefore, all feasible microscopic states have equal probability and the conÿguration entropy can be deÿned in terms of the microscopic stress as a logarithm of a volume of the polyhedron G: S(Á; ) ∝ ln[ G(Á; ) dx]. The above algorithm samples only the boundary points in the phase space because in a body embedded into a space of a large dimension most of the points belong to a thin boundary layer. Thus, e.g., volume of a multidimensional ball is equal to a volume of a thin spherical shell near its surface. In the other words in a su ciently large granular assembly with the probability close to 1 at least one contact point is in a critical state. Thus for a su ciently large N using the adopted algorithm we miss a negligibly small fraction of the phase space.
In Figs. 10 and 11 we have presented the results of the computations. The uctuations of the microscopic pressure p = ( 6 i=1 n i )=6 in the granular system decrease with increasing the parameter Á up to 0 for Á → 0. While the macroscopic stress is far from its critical value the assemble has a large number of degrees of freedom. When a large shear stress is applied to the system the set of possible microscopic states shrinks to a polyhedron with a zero volume. Thus it can be concluded that the ability of the granular system to explore all the points in the phase space which was assumed in the previous section, is strongly a ected by the macroscopic stress which is applied to the granular body. Note that since each grain has six point of contact with its neighbors the shear forces play a minor role in the equations of equilibrium. Thus the force uctuations are almost una ected by the microscopic angle of friction (see Fig. 11 ).
Conclusions
We have suggested and investigated numerically two variational continuum mechanics closure models to describe the stress distribution in sandpiles, namely, maximumload-carrying capacity and maximum of entropy. Both these models are based on the assumption that external forcing plays the role of a selection mechanism which chooses more stable structural elements from the space of all possible conÿgurations. It was showed that the normal stress minimum does appear for the wide range of a model parameters. Force uctuations in a model regular granular assemble were investigated by a statistic simulation algorithm. The results of the numerical simulation provides a partial support to the adopted hypothesis.
The direct variables p; s; i ; are obtained from the following minimization problem for the ÿxed i :
min; p¿0; s¿0; ¿0 :
The latter problem can be solved by a point relaxation Newton method. After that the Lagrangian multipliers are recalculated according to the following formula:
and the computations are repeated until a convergence criterion is met.
Appendix B. Stochastic simulation method for determining contact forces uctuations
In order to relate the distribution of the contact forces with the mean stress tensor let us deÿne the continuous function n 1 (x; z); n 2 (x; z); n 3 (x; z); t 1 (x; z); t 2 (x; z); t 3 (x; z). Thus the contact forces (see Fig. 8 ) can be expressed through the Taylor series expansion as The above expressions are equivalent to n 1 (O) = 1 2 (n 1 + n 4 ); n 2 (O) = 1 2 (n 2 + n 5 ); etc :
Combining the above formulas with the equations of static equilibrium (4) we obtain the relations which are equivalent to the di erential equations of pile statics:
where xx ; xz ; zz are given by Eq. (6). Thus these formally deÿned functions ij can be identiÿed as the components of the mean stress tensor. The equation of moment balance implies the symmetry of the stress tensor. The simulation algorithm used is in this study can be interpreted as a combination of the simplex method [18] and the projection gradient method [19] . Rewrite the inequalities (5) as t i − n i + u 1i = 0; u 1i ¿0 ; t i + n i + u 2i = 0; u 2i ¿0 ; where u ji are slack variables. Thus N + 1) × 6N matrix, 6N and 3(N + 1) vectors of variables and the right hand side parts of the equations, respectively. The solution algorithm can be described as follows. The initial state of the system is selected at a side of the polyhedron G and is updated at each step by random sampling a direction k ∈ R such that u + Âk also belongs to G for small Â. The length of the step Â is determined according to the following formula:
Thus, the system moves in the direction k up to the rth side of the polyhedron G. In order to choose a new direction a vector k is sampled randomly and is projected on the hyperplane R [19] :
